
Tutorial 6

Q . I 1Def. of tire orientation & physical meaning of the Green 's -1hm)

let U EIR
'
be a non -empty open set .

Let I C- U be a compact domain with connected d- boundary JR .

Let a:[0,1] → 252 be a parametrization of 252 such that

/✗
'

11-11=1 & ✗
" It -1-0 ft c- 10,1) .

(a) Show that ✗
'

Lt) 1- ✗
"

Lt) and ✗
"
It) -1-0 . Ft c- 10,1) .

this shows that { ✗
" lt! ✗' Ltl } form an orthonormal
la
"

ltsl

basis IONB) of IR?)
let a define a positive orientation of dr , i. e. the oriented

ONB {
✗
" 't)

, ✗
'

Itt } is positive oriented as a basis in IR
'

,

/✗
"
It)1

it .
1

in

det µ
!
't)

✗
'

It )
It"ltH

, | > 0 , V-tc.co , 1)
✗
'

it' <

I

let n=
✗
"
't)

. / The outward pointing normal of 2h)/✗" 11-11

let ftp.Q/iU-1RZ be a d- vector field .

Define the divergence of F as dir (F)
= +¥

(b) Show that /
g,
Fon := /

"

Flat)) •Nlt) dt = ↳ dirtF) DA
0



Solution :

(a) Since I✗
'

It) / = 1 , ✗
'

It) • ✗
'

Lt) = 1 .

Differentiate both sides w.r.tn t :

✗
"
Lt) • ✗

'
It) t ✗

'

It) • ✗
"

Lt) = O

c

'

. ✗
" It) • ✗

'

It) = 0

i. ✗
'

it) 1- ✗
"
Lt) .

(b) Let ✗ 11-7=1×11-1 iylt)) .

✗
'
It) = lilt . yit))

since {n , ✗
' Iti} is positively oriented ONB, n is formed by

rotating ✗
'

It clockwise by 90° , i.e. n = lyit) , -✗it 1) .

i. Jg
,

Fon =)? (Py ' lt) -QX.lt/)dt=J-QdxtPdy
as

=) 1¥ +¥)dA lGreen 's -1hm)
as

= fndivlF) DA .



Remark :

The quantity / g, Fon is called the flux of the vector field .

If we imagine F- IX. y) as the direction of flow of a fluid

at a point ix. g) c-U, then fgn-f.in measures the amount of

fluid which escapes the region r through 252 . (Note that

only the component of F -1252 would contribute to this , so

we take F. n )

Green 's -1hm tells us that this quantity is equivalent

to f dive)dA , where dirtF) lxiy) measures the amount of
r

that escapes the point IX. y) .

Therefore , The Green 's -1hm can be thought as the conservation

of particles : In a
"

closed system
"

, the particles are not created

nor destroyed .



Q .
2 ( Cauchy - Goursat -1hm )

Let f- : ① → ① be a complex-valued function .

We identity ① with 1122 through Xtiy → IX. y ) . so we can

write f- It)= Play) + i Qlxiy) , where 2- = xtiy .

Let REG be a compact domain with Ct boundary Jr .

Define the complex integral of f- as

ftlzdz =) Pdx- Qdy + if Qdxtpdy .

or OR

suppose P , Q satisfy the Cauchy - Riemann equation
:

{
P×= QY on some open set Informally ,

Py = - Qx U Z R fgnftzdt
Show that fgggflz) dz = 0 . =/gsfptialdxtidy)

=/gljdx
- Qdy

+ if,,Qdx
+ Pdy



Solution :

ftlzdz =) Pdx- Qdyti / Qdxtpdy .

or OR

=/ 1-Qx - Py )dA+ifn(Px - Qy)dA
r

= 0 by the Cauchy
-Riemann equation .



0--3

let F : 1122 → 1122 be a vector field defined by
T-tx.gl =/ ✗

'

y +y
'
-

y -11-1×1 , 3×+2y
-

✗ +gly))
where fig : IR→ IR are differentiable .

Let A := { DEIR
'
: R is compact & JR is piecewise C1}

Find 52 c-A which maximizes

fg, F. dir
where Jr is positively oriented .



Solution :

By the Green 's -1hm ,

far F. dñ =)
,
}¥ -2¥ DA

=) 3+3y
' -1×2-12yd- 1) DA

r

= f, (4- ×
'
- y
'

)dA .

<

'

.
The integral is maximized if

D= {4.y) : ✗
'

+ y
'

£4 }


